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1. Introduction
The notion of frames in Hilbert spaces was introduced by R.J. Duﬃn and A.C. Schaeffer [2] in the context of non-
harmonic Fourier series. M. Frank and D. Larson [4,5] generalized this notion to the situation of Hilbert C∗-modules. Hilbert
C∗-modules are generalizations of Hilbert spaces by allowing the inner product to take values in a C∗-algebra rather than
in the ﬁeld of complex numbers. But the theory of Hilbert C∗-modules is different from the theory of Hilbert spaces, for
example, no any closed submodule of a Hilbert C∗-module is complemented.
M. Frank and D. Larson [4,5] showed that any countably generated Hilbert C∗-module possesses a standard frame, but
the Hilbert C∗-modules A and HA are countably generated if and only if the C∗-algebra A has a countable approximate unit.
I. Raeburn and S.J. Thompson [13] considered a more general notion of countably generated Hilbert C∗-modules in which
generators are multipliers of the module. Also they introduced the notion of standard frame of multipliers for a Hilbert
C∗-module and proved some basic properties of standard frames of multipliers. In this paper we consider the standard
frames of multipliers in Hilbert modules over pro-C∗-algebras [8] and investigate the standard frames of multipliers in
tensor products of Hilbert modules.
The paper is organized as follows. In Section 2 we recall some facts about pro-C∗-algebras and Hilbert modules over
pro-C∗-algebras. In Section 3, we show that an isomorphism of Hilbert modules preserves standard frames of multipli-
ers (Theorem 3.4). Also we show that a surjective adjointable module morphism preserves standard frames of multipliers
(Proposition 3.3). A. Khosravi, B. Khosravi [10] showed that the tensor product of frames for the Hilbert C∗-modules E and
F is a standard frame for the tensor product E ⊗ F and the tensor product of the frame operators is the frame operator for
the tensor product of frames. In Section 4 we extend the result of A. Khosravi, B. Khosravi for standard frames of multipliers.
We show that the tensor product of standard frames of multipliers for E and F is a standard frame of multipliers for E ⊗ F
and the tensor product of the frame operators is the frame operator for the tensor product of standard frames of multipliers
(Theorem 4.2). Section 5 is devoted to standard frames of multipliers in inner tensor product of Hilbert modules over pro-
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construct a standard frame of multipliers in the inner tensor product of E and F (Theorem 5.3). Also, we obtain a standard
frame of multipliers for E and F from a standard frame of multipliers for the inner tensor product of E and F under some
conditions (Propositions 5.5 and 5.6).
2. Preliminaries
Pro-C∗-algebras are generalizations of C∗-algebras. Instead of being given by a single C∗-norm, the topology on a pro-
C∗-algebra is deﬁned by a directed family of C∗-seminorms. Clearly, any C∗-algebra is a pro-C∗-algebra. The class of pro-
C∗-algebras is bigger than the class of C∗-algebras, for example, the ∗-algebra Ccc([0,1]) of all complex valued continuous
functions on [0,1] with the topology of uniform convergence on the countable compact subsets of [0,1] is a pro-C∗-algebra
which is not topologically isomorphic with any C∗-algebra (see, for example, [3]). In the literature, pro-C∗-algebras have
been given by different names such as b∗-algebras (C. Apostol), LMC∗-algebras (G. Lessner, K. Schmüdgen) or locally C∗-
algebras (A. Inoue, M. Fragoulopoulou, A. Mallios, etc.).
Let A be a pro-C∗-algebra. The set S(A) of all continuous C∗-seminorms on A is directed with the partial order given by
p  q if p(a) q(a) for all a ∈ A and it determines the topology on A in the sense that a net {ai}i∈I converges to 0 in A if
and only if the net {p(ai)}i∈I converges to 0 for all p ∈ S(A).
An element a ∈ A is bounded if ‖a‖∞ = sup{p(a); p ∈ S(A)} < ∞. More information about pro-C∗-algebras in [3,12].
A pre-Hilbert A-module is a complex vector space E which is also a right A-module, compatible with the complex algebra
structure, equipped with an A-valued inner product 〈·,·〉 : E × E → A which is C- and A-linear in its second variable and
satisﬁes the following relations:
(1) 〈ξ,η〉∗ = 〈η, ξ〉 for every ξ,η ∈ E;
(2) 〈ξ, ξ〉 0 for every ξ ∈ E;
(3) 〈ξ, ξ〉 = 0 if and only if ξ = 0.
We say that E is a Hilbert A-module if E is complete with respect to the topology determined by the family of seminorms
{pE }p∈S(A) , where pE (ξ) = √p(〈ξ, ξ〉), ξ ∈ E .
An element ξ in a Hilbert A-module E is bounded if ‖ξ‖∞ = sup{pE (ξ); p ∈ S(A)} < ∞.
If A is a pro-C∗-algebra, then A is a Hilbert A-module with 〈a,b〉 = a∗b, and the set HA of all sequences (an)n with
an ∈ A such that ∑n a∗nan converges in A is a Hilbert A-module with the action of A on HA and the inner product deﬁned
by (an)nb = (anb)n , respectively 〈(an)n, (bn)n〉 =∑n a∗nbn .
Let E and F be two Hilbert A-modules. A map Φ : E → F is a morphism of Hilbert modules over pro-C∗-algebras if there is
a morphism of pro-C∗-algebras ϕ : A → B such that〈
Φ(ξ),Φ(η)
〉= ϕ(〈ξ,η〉) for all ξ,η ∈ E.
We say that Φ is an isomorphism of Hilbert modules over pro-C∗-algebras if it is invertible and Φ−1 and Φ are morphisms of
Hilbert modules over pro-C∗-algebras.
A module morphism T : E → F is continuous if for each p ∈ S(A) there is Mp > 0 such that pF (T ξ)  MppE(ξ) for all
ξ ∈ E , and it is adjointable if there is a module morphism T ∗ : F → E such that 〈T ξ,η〉 = 〈ξ, T ∗η〉 for every ξ ∈ E and η ∈ F .
Any adjointable module morphism is continuous. The set of all adjointable module morphisms from E to F , denoted by
LA(E, F ), is a locally convex space with respect to the topology determined by the family of seminorms {˜pLA(E,F )}p∈S(A) ,
where p˜L A(E,F )(T ) = sup{pF (T (ξ)); pE (ξ) 1, ξ ∈ E}. Moreover, LA(E) = LA(E, E) is a pro-C∗-algebra.
Now we recall some facts about multiplier module from [8,9,13]. A multiplier of the Hilbert A-module E is an adjointable
module morphism from A to E . The set M(E) of all multipliers of E is a Hilbert LA(A)-module with the action of LA(A) on
M(E) deﬁned by
M(E) × LA(A)  (T , S) → T · S = T S ∈ M(E)
and the inner-product deﬁned by
M(E) × M(E)  (T , R) → 〈T , S〉M(E) = T ∗S ∈ LA(A).
Since the pro-C∗-algebras LA(A) and M(A), the multiplier algebra of A, can be identiﬁed, the Hilbert LA(A)-module
M(E) can be regarded as a Hilbert M(A)-module and it is called the multiplier module of E . Moreover, the topology on
M(E) induced by the inner product coincides with the topology deﬁned by the family of seminorms {pM(E)}p∈S(A) , with
pM(E)(h) = p˜L A(A,E)(h) for all h ∈ M(E) and for all p ∈ S(A).
The map iE : E → M(E) deﬁned by
iE(ξ)(a) = ξa, ξ ∈ E, a ∈ A
identiﬁes E with a Hilbert submodule of M(E) and then
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for all h ∈ M(E) and ξ ∈ E . Moreover, if a ∈ A and h ∈ M(E), then h · a can be identiﬁed with h(a).
A sequence {hn}n in M(E) is a standard frame of multipliers for E if for each ξ ∈ E , ∑n〈ξ,hn〉M(E) 〈hn, ξ〉M(E) converges
in A with respect to the topology determined by the family of C∗-seminorms S(A), and there are two positive constants C
and D such that
C〈ξ, ξ〉
∑
n
〈ξ,hn〉M(E)〈hn, ξ〉M(E)  D〈ξ, ξ〉
for all ξ ∈ E . If D = C = 1 we say that {hn}n is a standard normalized frame of multipliers.
For any positive integer m, the map em : A → HA deﬁned by
em(a) = (δmna)n
is a multiplier of the Hilbert A-module HA and {em}m is a standard normalised frame of multipliers for HA .
3. Frames of multipliers
Proposition 3.1. Let E be a Hilbert module over a pro-C∗-algebra A and {hn}n a sequence in M(E). Then {hn}n is a standard frame of
multipliers for E if and only if there is a unique positive invertible element S in b(LA(E)) such that the series
∑
n hn · 〈hn, S(ξ)〉M(E)
converges to ξ in E for each ξ ∈ E. Moreover, 1‖S‖∞ and ‖S−1‖∞ are the frame bounds.
Proof. First we suppose that {hn}n is a standard frame of multipliers for E . Then, by [8, Theorem 4.4], there is a unique
positive invertible element S in b(LA(E)) such that the series
∑
n hn · 〈Shn, ξ〉M(E) converges to ξ in E for each ξ ∈ E , and
since 〈Shn, ξ〉M(E) = 〈hn, S(ξ)〉M(E) , the series ∑n hn · 〈hn, S(ξ)〉M(E) converges to ξ in E for each ξ ∈ E .
Conversely, if ξ ∈ E , then〈
S(ξ), ξ
〉=∑
n
〈
S(ξ),hn
〉
M(E) ·
〈
hn, S(ξ)
〉
M(E).
Therefore, for each ξ ∈ E , the series ∑n〈ξ,hn〉M(E) · 〈hn, ξ〉M(E) converges to 〈ξ, S−1(ξ)〉 in A. Since S and S−1 are positive
elements in b(LA(E)), we have〈
ξ, S−1(ξ)
〉

∥∥S−1∥∥∞〈ξ, ξ〉
and
〈ξ, ξ〉 = 〈S(S− 12 (ξ)), S− 12 (ξ)〉 ‖S‖∞〈ξ, S−1(ξ)〉
(see, for example, [7,11]). Therefore we have
1
‖S‖∞ 〈ξ, ξ〉
∑
n
〈ξ,hn〉M(E) · 〈hn, ξ〉M(E) 
∥∥S−1∥∥∞〈ξ, ξ〉
for each ξ ∈ E . 
Deﬁnition 3.2. Let E be a Hilbert module over a pro-C∗-algebra A and {hn}n a standard frame of multipliers for E . The
invertible positive element S ∈ b(LA(E)) such that ∑n hn · 〈hn, S(ξ)〉M(E) = ξ for all ξ ∈ E is called the frame operator
associated to the standard frame of multipliers {hn}n .
The following proposition improved a result of Lj. Arambašic´ [1, Theorem 2.5].
Proposition 3.3. Let E and F be Hilbert modules over pro-C∗-algebra A and let V : E → F be a surjective module morphism. If
V ∈ b(LA(E, F )) and {hn}n is a standard frame of multipliers for E with the frame operator S, then {V hn}n is a standard frame of
multipliers for F with the frame operator (V S−1V ∗)−1 .
Proof. Since V is a surjective element in b(LA(E, F )) and S is a positive invertible element in b(LA(E)), V S−
1
2 is a surjective
element in b(LA(E, F )). Therefore V S−1V ∗ is a positive invertible element in b(LA(F )) [7].
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pF
(
n∑
k=1
V hk ·
〈
V hk,
(
V S−1V ∗
)−1
(η)
〉
M(F ) − η
)
= pF
(
n∑
k=1
V
(
hk ·
〈
V hk,
(
V S−1V ∗
)−1
(η)
〉
M(F )
)− V S−1V ∗(V S−1V ∗)−1(η))
= pF
(
V
(
n∑
k=1
hk ·
〈
hk, V
∗(V S−1V ∗)−1(η)〉M(E) − S−1V ∗(V S−1V ∗)−1(η)
))
 ‖V ‖∞pE
(
n∑
k=1
hk ·
〈
hk, V
∗(V S−1V ∗)−1(η)〉M(E) − S−1V ∗(V S−1V ∗)−1(η)
)
for all p ∈ S(A) and for all positive integer n and taking into account that∑
n
hn ·
〈
hn, V
∗(V S−1V ∗)−1(η)〉M(E) = S−1V ∗(V S−1V ∗)−1(η)
(see, Proposition 3.1), we deduce that
∑
n V hn · 〈V hn, (V S−1V ∗)−1(η)〉M(F ) converges to η. Therefore {V hn}n is a standard
frame of multipliers for F with the frame operator (V S−1V ∗)−1. 
Let E and F be Hilbert modules over pro-C∗-algebras A and B and let Φ : E → F be an isomorphism of Hilbert modules
such that the underlying pro-C∗-morphism ϕ is an isomorphism of pro-C∗-algebras. If h ∈ M(E), then Φ ◦ h ◦ ϕ−1 ∈ M(F ).
Indeed, from〈
Φ ◦ h ◦ ϕ−1(b),η〉= ϕ(〈h ◦ ϕ−1(b),Φ−1(η)〉)= ϕ(〈ϕ−1(b),h∗(Φ−1(η))〉)
= ϕ(ϕ−1(b∗)h∗(Φ−1(η)))= b∗ϕ(h∗(Φ−1(η)))
= 〈b,ϕ(h∗(Φ−1(η)))〉= 〈b,ϕ ◦ h∗ ◦ Φ−1(η)〉
for all b ∈ B and for all η ∈ F , we deduce that Φ ◦ h ◦ ϕ−1 ∈ M(F ), and moreover, (Φ ◦ h ◦ ϕ−1)∗ = ϕ ◦ h∗ ◦ Φ−1.
Theorem 3.4. Let E, F , Φ and ϕ be as above. If {hn}n is a standard frame of multipliers for E, then {tn}n, where tn = Φ ◦ hn ◦ ϕ−1 , is
a standard frame of multipliers for F . Moreover if S is the frame operator associated to {hn}n, then Φ ◦ S ◦ Φ−1 is the frame operator
associated to {tn}n.
Proof. To prove the theorem it is suﬃcient to show that Φ ◦ S ◦ Φ−1 is an invertible positive element in b(LB(F )) and the
series
∑
n tn · 〈tn,Φ ◦ S ◦ Φ−1(η)〉M(F ) converges to η in F for all η ∈ F . From〈
Φ ◦ S ◦ Φ−1(η), ξ 〉= ϕ(〈S(Φ−1(η)),Φ−1(ξ)〉)
= ϕ(〈Φ−1(η), S(Φ−1(ξ))〉)= 〈η,Φ ◦ S ◦ Φ−1(ξ)〉
and 〈
Φ ◦ S ◦ Φ−1(η),η〉= ϕ(〈S(Φ−1(η)),Φ−1(η)〉) 0
for all ξ,η ∈ F we deduce that Φ ◦ S ◦ Φ−1 is a positive element in LB(F ). Clearly Φ ◦ S ◦ Φ−1 is invertible, and since
qF
(
Φ ◦ S ◦ Φ−1(η))2 = q(ϕ(〈S ◦ Φ−1(η), S ◦ Φ−1(η)〉))
(see, for example, [7])
 ‖S‖2∞q
(
ϕ
(〈
Φ−1(η),Φ−1(η)
〉))= ‖S‖2∞qF (η)2
for all η ∈ F and for all q ∈ S(B), Φ ◦ S ◦ Φ−1 is an invertible positive element in b(LB(F )).
Let η ∈ F , q ∈ S(B). Since Φ is a morphism of Hilbert modules, there is p ∈ S(A) such that qF (Φ(ξ))  pE (ξ) for all
ξ ∈ E . From
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(
n∑
k=1
tk ·
〈
tk,Φ ◦ S ◦ Φ−1(η)
〉
M(F ) − η
)
= qF
(
n∑
k=1
Φ ◦ hk ◦ ϕ−1 ·
〈
Φ ◦ hk ◦ ϕ−1,Φ ◦ S ◦ Φ−1(η)
〉
M(F ) − η
)
= qF
(
n∑
k=1
(
Φ ◦ hk ◦ ϕ−1
)((
ϕ ◦ h∗k ◦ Φ−1
)(
Φ ◦ S ◦ Φ−1(η)))− η)
= qF
(
Φ
(
n∑
k=1
hk
(
h∗k
(
S
(
Φ−1(η)
)))− Φ−1(η)))
 pE
(
n∑
k=1
hk ·
〈
hk, S
(
Φ−1(η)
)〉
M(E) − Φ−1(η)
)
for all n ∈ N, and taking into account that the series ∑k hk · 〈hk, S(Φ−1(η))〉M(E) converges to Φ−1(η), we deduce that∑
n tn · 〈tn,Φ ◦ S ◦ Φ−1(η)〉M(F ) converges to η in F . Thus, we showed that {tn}n is a standard frame of multipliers for F
with the frame operator Φ ◦ S ◦ Φ−1. 
Corollary 3.5. Let E and F be two Hilbert modules over a pro-C∗-algebra A. If U : E → F is a unitary operator and {hn}n is a standard
frame of multipliers for E with the operator frame S, then {U ◦ hn}n is a standard frame of multipliers for F with the operator frame
U SU∗ .
Proof. Since U is a unitary operator, it is an isomorphism of Hilbert modules with the underlying pro-C∗-morphism
ϕ = idA . 
4. Frames of multipliers in the external tensor product of Hilbert modules
Let E be a Hilbert module over a pro-C∗-algebra A and F a Hilbert module over a pro-C∗-algebra B . The algebraic tensor
product E ⊗alg F of E and F is a pre-Hilbert A ⊗min B-module with the action of A ⊗min B on E ⊗alg F deﬁned by
(ξ ⊗ η)(a ⊗ b) = ξa ⊗ ηb
and the inner product deﬁned by
〈ξ1 ⊗ η1, ξ2 ⊗ η2〉 = 〈ξ1, ξ2〉 ⊗ 〈η1, η2〉.
The external tensor product of E and F is the Hilbert module E ⊗ F over A ⊗min B obtained by the completion of the
pre-Hilbert A ⊗min B-module E ⊗alg F [6].
If h ∈ M(E) and t ∈ M(F ) then there is a unique adjointable module morphism h ⊗ t : A ⊗min B → E ⊗ F such that
(h ⊗ t)(a ⊗ b) = h(a) ⊗ t(b) and (h ⊗ t)∗(a ⊗ b) = h∗(a) ⊗ t∗(b) for all a ∈ A and for all b ∈ B (see, for example, [9]).
Lemma 4.1. Let E be a Hilbert A-module, E0 a dense submodule of E, S a positive invertible element in b(LA(E)) and {hn}n a sequence
of multipliers of E. If the series
∑
n〈ζ,hn〉M(E)〈hn, ζ 〉M(E) converges to 〈ζ, S−1(ζ )〉 for all ζ ∈ E0, then {hn}n is a standard frame of
multipliers for E with the frame operator S.
Proof. To show that {hn}n is a standard frame of multipliers for E with the frame operator S it is suﬃcient to prove that
the series
∑
n〈ζ,hn〉M(E)〈hn, ζ 〉M(E) converges to 〈ζ, S−1(ζ )〉 for all ζ ∈ E . Let ζ ∈ E and let {ζi}i∈I be a net in E0 which
converges to ζ . Then, for any p ∈ S(A) and for any ε > 0, there is i0 ∈ I such that
pE(ζi − ζi0) <
√
ε
6‖S−1‖∞ min
{
1,
√
ε√
6‖S−1‖∞pE(ζ )
}
for all i ∈ I with i  i0, and since ∑n〈ζi0 ,hn〉M(E)〈hn, ζi0 〉M(E) converges to 〈ζi0 , S−1(ζi0 )〉, there is a positive integer n1 such
that
p
( n2∑
n=n1
〈ζi0 ,hn〉M(E)〈hn, ζi0〉M(E)
)
<
ε
6
and
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( n2∑
n=1
〈ζi0 ,hn〉M(E)〈hn, ζi0〉M(E) −
〈
ζi0 , S
−1(ζi0)
〉)
<
ε
6
for all positive integer n2 with n2  n1. Thus, we obtain
p
( n2∑
n=n1
〈ζ,hn〉M(E)〈hn, ζ 〉M(E)
)
= lim
i
p
( n2∑
n=n1
〈ζi,hn〉M(E)〈hn, ζi〉M(E)
)
 lim
i
p
( n2∑
n=n1
〈ζi − ζi0 ,hn〉M(E)〈hn, ζi − ζi0〉M(E)
)
+ 2 lim
i
p
( n2∑
n=n1
〈ζi − ζi0 ,hn〉M(E)〈hn, ζi0〉M(E)
)
+ p
( n2∑
n=n1
〈ζi0 ,hn〉M(E)〈hn, ζi0〉M(E)
)
 lim
i
p
(〈
ζi − ζi0 , S−1(ζi − ζi0)
〉)
+ 2 lim
i
p
( n2∑
n=n1
〈ζi − ζi0 ,hn〉M(E)〈hn, ζi − ζi0〉M(E)
) 1
2
× p
( n2∑
n=n1
〈ζi0 ,hn〉M(E)〈hn, ζi0〉M(E)
) 1
2
+ p
( n2∑
n=n1
〈ζi0 ,hn〉M(E)〈hn, ζi0〉M(E)
)

∥∥S−1∥∥∞ limi pE(ζi − ζi0)2 + 2 limi p(〈ζi − ζi0 , S−1(ζi − ζi0)〉) 12
√
ε
6
+ ε
6
<
ε
6
+ 2∥∥S−1∥∥ 12∞ limi pE(ζi − ζi0)
√
ε
6
+ ε
6
<
ε
6
+ 2
√
ε
6
√
ε
6
+ ε
6
< ε
for all positive integer n2 with n2  n1. Therefore, the series
∑
n〈ζ,hn〉M(E)〈hn, ζ 〉M(E) is convergent. We can also suppose
that
pE(ζi − ζi0)
ε
12M
√‖S−1‖∞
where M = p(∑n〈ζ,hn〉M(E)〈hn, ζ 〉M(E)) 12 , for all i ∈ I with i  i0. Then
p
(
n∑
k=1
〈ζ,hk〉M(E)〈hk, ζ 〉M(E) −
〈
ζ, S−1(ζ )
〉)
 p
(
n∑
k=1
〈ζ − ζi0 ,hk〉M(E)〈hk, ζ − ζi0〉M(E)
)
+ 2p
(
n∑
k=1
〈ζ − ζi0 ,hk〉M(E)〈hk, ζ 〉M(E)
)
+ p
(
n∑
k=1
〈ζi0 ,hk〉M(E)〈hk, ζi0〉M(E) −
〈
ζi0 , S
−1(ζi0)
〉)+ p(〈ζ, S−1(ζ )〉− 〈ζi0 , S−1(ζi0)〉)
 lim
i
p
(
n∑
k=1
〈ζi − ζi0 ,hk〉M(E)〈hk, ζi − ζi0〉M(E)
)
+ 2 lim
i
p
(
n∑
〈ζi − ζi0 ,hk〉M(E)〈hk, ζi − ζi0〉M(E)
) 1
2
p
(
n∑
〈ζ,hk〉M(E)〈hk, ζ 〉M(E)
) 1
2k=1 k=1
528 M. Joit¸a / J. Math. Anal. Appl. 367 (2010) 522–534+ ε
6
+ lim
i
p
(〈
ζi − ζi0 , S−1(ζi − ζi0)
〉)+ 2 lim
i
p
(〈
ζi − ζi0 , S−1(ζ )
〉)
 lim
i
p
(∑
k
〈ζi − ζi0 ,hk〉M(E)〈hk, ζi − ζi0〉M(E)
)
+ 2 lim
i
p
(∑
k
〈ζi − ζi0 ,hk〉M(E)〈hk, ζ − ζi0〉M(E)
) 1
2
p
(∑
k
〈ζ,hk〉M(E)〈hk, ζ 〉M(E)
) 1
2
+ ε
6
+ ε
6
+ 2∥∥S−1∥∥∞ limi pE(ζi − ζi0)pE(ζ )
 lim
i
p
(〈
ξi − ζi0 , S−1(ξi − ζi0)
〉)+ 2 lim
i
p
(〈
ξi − ζi0 , S−1(ξi − ζi0)
〉) 1
2 M + ε
3
+ 2ε
6
<
ε
6
+ 2 ε
12
+ ε
3
+ 2ε
6
= ε
for all positive integer n with n n1, and so∑
n
〈ζ,hn〉M(E)〈hn, ζ 〉M(E) =
〈
ζ, S−1(ζ )
〉
.
Thus we showed that {hn}n is a standard frame of multipliers for E with the frame operator S . 
Theorem 4.2. Let {hn}n and {tm}m be standard frames of multipliers for E and F with the frame operators S1 respectively S2 . Then
{hn ⊗ tm}(n,m) is a standard frame of multipliers for E ⊗ F with the frame operator S1 ⊗ S2 .
Proof. Since S1 and S2 are positive invertible elements in b(LA(E)) respectively b(LB(F )), S1 ⊗ S2 is a positive invertible
element in b(LA⊗minB(E ⊗ F )) with (S1 ⊗ S2)−1 = S−11 ⊗ S−12 , and then according to Lemma 4.1, to show that {hn ⊗ tm}(n,m)
is a standard frame of multipliers for E ⊗ F with the frame operator S1 ⊗ S2 it is suﬃcient to show that the sequence(
(n,m)∑
(i, j)=(1,1)
〈
(S1 ⊗ S2)(ζ ),hi ⊗ t j
〉
M(E⊗F )
〈
hi ⊗ t j, (S1 ⊗ S2)(ζ )
〉
M(E⊗F )
)
(n,m)
converges to 〈ζ, (S−11 ⊗ S−12 )(ζ )〉 for all ζ ∈ E ⊗alg F .
Let ξ ∈ E , η ∈ F , p ∈ S(A) and q ∈ S(B). From
p ⊗ qE⊗F
(
(n,m)∑
(i, j)=(1,1)
(hi ⊗ t j) ·
〈
hi ⊗ t j, (S1 ⊗ S2)(ξ ⊗ η)
〉
M(E⊗F ) − ξ ⊗ η
)
= p ⊗ qE⊗F
(
n∑
i=1
hi ·
〈
hi, S1(ξ)
〉
M(E) ⊗
m∑
j=1
t j ·
〈
t j, S2(η)
〉
M(F ) − ξ ⊗ η
)
 pE
(
n∑
i=1
hi ·
〈
hi, S1(ξ)
〉
M(E) − ξ
)
qF
(
m∑
j=1
t j ·
〈
t j, S2(η)
〉
M(F ) − η
)
+ pE(ξ)qF
(
m∑
j=1
t j ·
〈
t j, S2(η)
〉
M(F ) − η
)
+ pE
(
n∑
i=1
hi ·
〈
hi, S1(ξ)
〉
M(E) − ξ
)
qF (η)
and taking into account that ξ = ∑n hn · 〈hn, S1(ξ)〉M(E) and η = ∑m tm · 〈tm, S2(η)〉M(F ) we deduce that
(
∑(n,m)
(i, j)=(1,1)(hi ⊗ t j) · 〈hi ⊗ t j, (S1 ⊗ S2)(ξ ⊗ η)〉M(E⊗F ))(n,m) converges to ξ ⊗ η.
Let ζ =∑lk=1 ξk ⊗ ηk . Then
ζ =
l∑
k=1
( ∑
(n,m)
(hn ⊗ tm) ·
〈
hn ⊗ tm, (S1 ⊗ S2)(ξk ⊗ ηk)
〉
M(E⊗F )
)
=
∑
(hn ⊗ tm) ·
〈
hn ⊗ tm, (S1 ⊗ S2)(ζ )
〉
M(E⊗F ).(n,m)
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∑
(n,m)〈ζ,hn ⊗ tm〉M(E⊗F )〈hn ⊗ tm, ζ 〉M(E⊗F ) converges in A ⊗min B for each ζ ∈ E ⊗alg F ,
and moreover,〈
ζ,
(
S−11 ⊗ S−12
)
(ζ )
〉= ∑
(n,m)
〈ζ,hn ⊗ tm〉M(E⊗F )〈hn ⊗ tm, ζ 〉M(E⊗F ).
Therefore {hn ⊗ tm}(n,m) is a standard frame for E ⊗ F with the frame operator S1 ⊗ S2. 
In the following proposition we show that given a standard frame of multipliers for a Hilbert A-module E , if the Hilbert
B-module F has a multiplier which veriﬁes some conditions, then we can construct a standard frame of multipliers for the
external tensor product of E and F .
Proposition 4.3. Let E be a Hilbert A-module, F a Hilbert B-module. If {hn}n is a standard frame of multipliers for E with the frame
operator S and t is a multiplier of F such that tt∗ is an invertible element in b(LB(F )), then {hn ⊗ t}n is a standard frame of multipliers
for E ⊗ F with the frame operator S ⊗ (tt∗)−1 .
Proof. Indeed, from
p ⊗ q
(
n∑
k=1
〈ξ ⊗ η,hk ⊗ t〉M(E⊗F )〈hk ⊗ t, ξ ⊗ η〉M(E⊗F ) −
〈
ξ ⊗ η, (S ⊗ (tt∗)−1)−1(ξ ⊗ η)〉)
= p ⊗ q
(
n∑
k=1
〈ξ,hk〉M(E)〈hk, ξ〉M(E) ⊗ 〈η, t〉M(F )〈t, η〉M(F ) −
〈
ξ ⊗ η, S−1(ξ) ⊗ tt∗(η)〉)
= p ⊗ q
(
n∑
k=1
〈ξ,hk〉M(E)〈hk, ξ〉M(E) ⊗
〈
η, tt∗(η)
〉− 〈ξ, S−1(ξ)〉⊗ 〈η, tt∗(η)〉)
= p ⊗ q
((
n∑
k=1
〈ξ,hk〉M(E)〈hk, ξ〉M(E) −
〈
ξ, S−1(ξ)
〉)⊗ 〈η, tt∗(η)〉)
 p
(
n∑
k=1
〈ξ,hk〉M(E)〈hk, ξ〉M(E) −
〈
ξ, S−1(ξ)
〉)
q
(〈
η, tt∗(η)
〉)
for all p ∈ S(A), for all q ∈ S(B), for all ξ ∈ E , for all η ∈ F and for all positive integer n, and taking into account that {hn}n
is a standard frame of multipliers for E with the frame operator S , we deduce that
∑
n〈ζ,hn ⊗ t〉M(E⊗F )〈hn ⊗ t, ζ 〉M(E⊗F )
converges to 〈ζ, (S ⊗ (tt∗)−1)−1(ζ )〉 for all ζ ∈ E ⊗alg F and by Lemma 4.1 {hn ⊗ t}n is a standard frame of multipliers for
E ⊗ F with the frame operator S ⊗ (tt∗)−1. 
Remark 4.4. Given a standard frame of multipliers for the Hilbert A ⊗min B-module E ⊗ F it is not easy to construct a
standard frame of multipliers for E or F because, in general, the pro-C∗-algebras A ⊗min B and A respectively B are not
isomorphic, and so we cannot construct an isomorphism of Hilbert modules from E ⊗ F to E respectively F .
Example 4.5. Suppose that A is a stable pro-C∗-algebra (that is, pro-C∗-algebras A⊗K and A, where K is the C∗-algebra of
all compact operators on an inﬁnite dimensional separable Hilbert space H). Let ϕ : A ⊗K→ A be a pro-C∗-isomorphism.
Then the linear map Ψ : H ⊗alg (A ⊗K) → H ⊗alg A deﬁned by
Ψ (ξ ⊗ x) = ξ ⊗ ϕ(x)
extended to an isomorphism of Hilbert modules from H ⊗ (A ⊗K) → H ⊗ A, since〈
Ψ (ξ ⊗ x),Ψ (ξ ⊗ x)〉= 〈ξ ⊗ ϕ(x), ξ ⊗ ϕ(x)〉= 〈ξ, ξ〉 ⊗ 〈ϕ(x),ϕ(x)〉
= 〈ξ, ξ〉ϕ(x)∗ϕ(x) = ϕ(〈ξ, ξ〉x∗x)= ϕ(〈ξ, ξ〉 ⊗ 〈x, x〉)= ϕ(〈ξ ⊗ x, ξ ⊗ x〉)
for all ξ ∈ H and for all x ∈ A ⊗K and since ϕ is a pro-C∗-isomorphism.
On the other hand the Hilbert modules H ⊗ A and HA are unitarily equivalent as well as the Hilbert modules
H ⊗ A ⊗K and HA ⊗K (see, for example, [7]). Therefore there is a unitary operator U : HA → H ⊗ A and a unitary operator
V : H ⊗ A ⊗K→ HA ⊗K.
Let Φ = U ◦ Ψ ◦ V . Then Φ : HA ⊗ K → HA is an isomorphism of Hilbert modules with the underlying pro-C∗-
isomorphism ϕ and if {hn}n is a standard frame of multipliers for HA ⊗K with the frame operator S then {Φ ◦ hn ◦ ϕ−1}n
is a standard frame of multipliers for HA with the frame operator Φ ◦ S ◦ Φ−1 (see, Theorem 3.4).
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Let E and F be Hilbert modules over pro-C∗-algebras A and B and let ϕ : A → LB(F ) be a non-degenerate pro-C∗-
morphism (that is, ϕ(A)F is dense in F ). The algebraic tensor product E ⊗A F of E and F over A is a pre-Hilbert B-module
with the action of B on E ⊗A F deﬁned by
(ξ ⊗A η)b = ξ ⊗A ηb
and the inner product deﬁned by
〈ξ1 ⊗A η1, ξ2 ⊗A η2〉 =
〈
η1,ϕ
(〈ξ1, ξ2〉)η2〉.
The inner tensor product of E and F using ϕ is the Hilbert module E ⊗ϕ F over B obtained by the completion of
the pre-Hilbert B-module E ⊗A F [6]. Moreover, there is a unique pro-C∗-morphism ϕ∗ : LA(E) → LB(E ⊗ϕ F ) such that
ϕ∗(T )(ξ ⊗ϕ η) = T (ξ) ⊗ϕ η.
For h ∈ M(E) and t ∈ M(F ), the map h ⊗ϕ t : B → E ⊗ϕ F deﬁned by
(h ⊗ϕ t)(b) = lim
i
(
h(ei) ⊗ϕ t(b)
)
,
where {ei}i∈I is an approximate unity for A, deﬁnes an element in M(E ⊗ϕ F ) (see, for example, [9]). Moreover,
(h ⊗Φ t)∗(ξ ⊗ϕ η) = t∗(ϕ(h∗(ξ))η).
Remark 5.1. Let E, F ,ϕ,h and t be as above. Suppose that tt∗ ∈ ϕ(h∗(E))′ , the commutant of ϕ(h∗(E)) in LB(F ). Then
(h ⊗ϕ t) · 〈h ⊗ϕ t, ξ ⊗ϕ η〉M(E⊗Φ F )
= (h ⊗ϕ t) · t∗
(
ϕ
(
h∗(ξ)
)
η
)= (h ⊗ϕ t)(t∗(ϕ(h∗(ξ))η))
= lim
i
(
h(ei) ⊗ϕ t
(
t∗
(
ϕ
(
h∗(ξ)
)
η
)))= lim
i
(
h(ei) ⊗ϕ tt∗
(
ϕ
(
h∗(ξ)
)
η
))
= lim
i
(
h(ei) ⊗ϕ ϕ
(
h∗(ξ)
)(
tt∗(η)
))= lim
i
(
h(ei)h
∗(ξ) ⊗ϕ tt∗(η)
)
= lim
i
(
h
(
eih
∗(ξ)
)⊗ϕ tt∗(η))= h(h∗(ξ))⊗ϕ tt∗(η)
= h · 〈h, ξ〉M(E) ⊗ϕ t · 〈t, η〉M(F )
for all ξ ∈ E and for all η ∈ F .
For a Hilbert module E over A, 〈E, E〉 denotes the closed two-sided ∗-ideal of A generated by {〈ξ,η〉; ξ,η ∈ E}.
Lemma 5.2. Let E, F and ϕ be as above. If S1 ∈ b(LA(E)) and S2 ∈ b(LB(F )) ∩ ϕ(〈E, E〉)′ , then there is S1 ⊗ϕ S2 ∈ b(LB(E ⊗ϕ F ))
such that
(S1 ⊗ϕ S2)(ξ ⊗ϕ η) = S1ξ ⊗ϕ S2η.
Moreover, if S1 and S2 are positive (invertible) adjointable module morphisms, then S1 ⊗ϕ S2 is a positive (invertible) module mor-
phism.
Proof. Consider the map S1 ⊗ϕ S2 : E ⊗A F → E ⊗A F deﬁned by
(S1 ⊗ϕ S2)
(
n∑
k=1
ξk ⊗ϕ ηk
)
=
n∑
k=1
S1(ξk) ⊗ϕ S2(ηk).
Since
qF
(
(S1 ⊗ϕ S2)
(
n∑
k=1
ξk ⊗ϕ ηk
))2
= q
(〈
n∑
k=1
S1(ξk) ⊗ϕ S2(ηk),
n∑
k=1
S1(ξk) ⊗ϕ S2(ηk)
〉)
= q
(〈
n∑
ϕ∗(S1)
(
ξk ⊗ϕ S2(ηk)
)
,
n∑
ϕ∗(S1)
(
ξk ⊗ϕ S2(ηk)
)〉)
k=1 k=1
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(〈
ϕ∗
(
S∗1S1
)( n∑
k=1
ξk ⊗ϕ S2(ηk)
)
,
(
n∑
k=1
ξk ⊗ϕ S2(ηk)
)〉)
 ‖S1‖2∞q
(〈
n∑
k=1
ξk ⊗ϕ S2(ηk),
n∑
k=1
ξk ⊗ϕ S2(ηk)
〉)
 ‖S1‖2∞q
(
n∑
k,l=1
〈
S2(ηk),ϕ
(〈ξk, ξl〉)S2(ηl)〉
)
= ‖S1‖2∞q
(〈[
δkl S
∗
2S2
]n
k,l=1
([
ϕ
(〈ξk, ξl〉)]nk,l=1) 12 (ηk)nk=1, ([ϕ(〈ξk, ξl〉)]nk,l=1) 12 (ηl)nl=1〉)
 ‖S1‖2∞‖S2‖2∞q
(〈
(ηk)
n
k=1,
[
ϕ
(〈ξk, ξl〉)]nk,l=1(ηl)nl=1〉)
= ‖S1‖2∞‖S2‖2∞qF
(
n∑
k=1
ξk ⊗ϕ ηk
)2
for all q ∈ S(B) and for all ∑nk=1 ξk⊗ϕ ηk ∈ E⊗A F , S1⊗ϕ S2 extends by continuity to a linear map, denoted also by S1⊗ϕ S2,
from E ⊗ϕ F to E ⊗ϕ F and qF ((S1 ⊗ϕ S2)(ζ )) ‖S1‖∞‖S2‖∞qF (ζ ) for all ζ ∈ E ⊗ϕ F and for all q ∈ S(B).
From〈
(S1 ⊗ϕ S2)
(
n∑
k=1
ξ1k ⊗ϕ η1k
)
,
m∑
k=1
ξ2k ⊗ϕ η2k
〉
=
n,m∑
k,l=1
〈
S2
(
η1k
)
,ϕ
(〈
S1
(
ξ1k
)
, ξ2l
〉)
η2l
〉
=
n,m∑
k,l=1
〈
η1k ,ϕ
(〈
ξ1k , S1
(
ξ2l
)〉)
S2
(
η2l
)〉
=
〈
n∑
k=1
ξ1k ⊗ϕ η1k ,
m∑
k=1
S1
(
ξ2k
)⊗ϕ S2(η2k )
〉
=
〈(
n∑
k=1
ξ1k ⊗ϕ η1k
)
, (S1 ⊗ϕ S2)
m∑
k=1
ξ2k ⊗ϕ η2k
〉
and 〈
(S1 ⊗ϕ S2)
(
n∑
k=1
ξk ⊗ϕ ηk
)
,
n∑
k=1
ξk ⊗ϕ ηk
〉
=
n∑
k,l=1
〈
S2(ηk),ϕ
(〈
S1(ξk), ξl
〉)
ηl
〉
= 〈(|S2|ηk)nk=1, [ϕ(〈S1(ξk), ξl〉)]nk,l=1(|S2|ηl)nl=1〉 0
for all
∑n
k=1 ξ1k ⊗ϕ η1k ,
∑m
k=1 ξ2k ⊗ϕ η2k ∈ E ⊗ϕ F and for all
∑n
k=1 ξk ⊗ϕ ηk ∈ E ⊗ϕ F , we deduce that S1 ⊗ϕ S2 is a pos-
itive element in LB(E ⊗ϕ F ). Moreover, if S1 and S2 are invertible, since (S1 ⊗ϕ S2)((S−11 ⊗ϕ S−12 )(ξ ⊗ϕ η)) = ξ ⊗ϕ η =
(S−11 ⊗ϕ S−12 )((S1 ⊗ϕ S2)(ξ ⊗ϕ η)) for all ξ ⊗ϕ η ∈ E ⊗ϕ F , S1 ⊗ϕ S2 is invertible. 
Theorem 5.3. Let E, F and ϕ be as above. If {hn}n is a standard frame of multipliers for E with the frame operator S1 and {tm}m is a
standard frame of multipliers for F such that tmt∗m ∈ ϕ(〈E, E〉)′ with the frame operator S2 , then {hn ⊗ϕ tm}(n,m) is a standard frame
for E ⊗ϕ F with the frame operator S1 ⊗ϕ S2 .
Proof. From
ϕ
(〈ξ,η〉)(S−12 (ζ ))=∑
m
ϕ
(〈ξ,η〉)(tm · 〈tm, ζ 〉M(F ))=∑
m
(
ϕ
(〈ξ,η〉)tmt∗m)(ζ )
=
∑
m
(
tmt
∗
mϕ
(〈ξ,η〉))(ζ ) =∑
m
tm ·
〈
tm,ϕ
(〈ξ,η〉)(ζ )〉M(F ) = S−12 (ϕ(〈ξ,η〉)(ζ ))
for all ξ,η, ζ ∈ E , we deduce that S2 ∈ ϕ(〈E, E〉)′ , and by Lemma 5.2, S1 ⊗ϕ S2 is a positive invertible element in
b(LB(E ⊗Φ F )).
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qE⊗ϕ F
(
(n,m)∑
(k,l)=(1,1)
(hk ⊗ϕ tl) ·
〈
hk ⊗ϕ tl, (S1 ⊗ϕ S2)(ξ ⊗ϕ η)
〉
M(E⊗Φ F ) − ξ ⊗ϕ η
)
= qE⊗ϕ F
(
n∑
k=1
hk ·
〈
hk, S1(ξ)
〉
M(E) ⊗ϕ
(
m∑
l=1
tl ·
〈
tl, S2(η)
〉
M(F )
)
− ξ ⊗ϕ η
)
 qE⊗ϕ F
((
n∑
k=1
hk ·
〈
hk, S1(ξ)
〉
M(E) − ξ
)
⊗ϕ
(
m∑
l=1
tl ·
〈
tl, S2(η)
〉
M(F ) − η
))
+ qE⊗ϕ F
((
n∑
k=1
hk ·
〈
hk, S1(ξ)
〉
M(E) − ξ
)
⊗ϕ η
)
+ qE⊗ϕ F
(
ξ ⊗ϕ
(
m∑
l=1
tl ·
〈
tl, S2(η)
〉
M(F ) − η
))
 pE
(
n∑
k=1
hk ·
〈
hk, S1(ξ)
〉
M(E) − ξ
)
qF
(
m∑
l=1
tl ·
〈
tl, S2(η)
〉
M(F ) − η
)
+ pE
(
n∑
k=1
hk ·
〈
hk, S1(ξ)
〉
M(E) − ξ
)
qF (η)
+ pE(ξ)qF
(
m∑
l=1
tl ·
〈
tl, (S2)η
〉
M(F ) − η
)
for all positive integers n and m, and taking into account that
∑
n hn · 〈hn, S2(ξ)〉M(E) converges to ξ in E and
∑
m tm ·〈tm, S2(η)〉M(F ) coverages to η in F , we deduce that ∑(n,m)(hn ⊗ϕ tm) · 〈hn ⊗ϕ tm, (S1 ⊗ϕ S2)(ξ ⊗ϕ η)〉M(E⊗ϕ F ) converges
to ξ ⊗ϕ η in E ⊗ϕ F . Then ∑(n,m)(hn ⊗ϕ tm) · 〈hn ⊗ϕ tm, (S−11 ⊗ϕ S−12 )(ζ )〉M(E⊗ϕ F ) converges to ζ in E ⊗ϕ F for all ζ =∑k
l=1 ξl ⊗ϕ ηl . Therefore〈
ζ,
(
S−11 ⊗ϕ S−12
)
(ζ )
〉= ∑
(n,m)
〈ζ,hn ⊗ϕ tm〉M(E⊗F )〈hn ⊗ϕ tm, ζ 〉M(E⊗ϕ F )
for all ζ =∑kl=1 ξl ⊗ϕ ηl and by Lemma 4.1, {hn ⊗ϕ tm}(n,m) is a standard frame of multipliers for E⊗ϕ F with the frame oper-
ator
S1 ⊗ϕ S2. 
Example 5.4. Let ϕ : A → B be a non-degenerate morphism of pro-C∗-algebras. Then the map ϕ˜ : A → LB(HB) deﬁned by
ϕ˜(a)((bm)m) = (ϕ(a)bm)m is a non-degenerate morphism of pro-C∗-algebras.
Let {en}n be the normalized standard frame of multipliers for HB , where en(b) = (δmnb)m . Since((
ene
∗
n
)
ϕ˜(a)
)(
(bm)m
)= (δmnϕ(a)bm)m = (ϕ˜(a)(ene∗n))((bm)m)
for all a ∈ A, for all (bm)m ∈ HB and for all n, {en}n ⊂ ϕ˜(A)′ .
Let E be a Hilbert A-module and {hn}n a standard frame of multipliers for E with the frame operator S . Then, by
Theorem 5.3, {hn ⊗ϕ˜ em}(n,m) is a standard frame of multipliers for E ⊗ϕ˜ HB with the frame operator (ϕ˜)∗(S).
We have seen that given a standard frame of multipliers for E and a standard frame of multipliers for F , we can construct
a standard frame of multipliers for E ⊗ϕ F . Conversely, given a standard frame of multipliers for E ⊗ϕ F , can we construct
a standard frame of multipliers for E or F?
Proposition 5.5. Let E and F be Hilbert modules over pro-C∗-algebras A and B, let ϕ : A → LB(F ) be a non-degenerate pro-C∗-
morphism and let {hn}n be a standard frame of multipliers for E ⊗ϕ F . Suppose that there is an element ξ0 ∈ b(E) such that ϕ(〈ξ0, ξ0〉)
is surjective. Then there is an element V ξ0 ∈ LB(E ⊗ϕ F , F ) such that {V ξ0hn}n is a standard frame of multipliers for F . Moreover, the
frame bounds are ‖(V ξ0 S−1(V ξ0 )∗)−1‖−1∞ and ‖V ξ0 S−1(V ξ0)∗‖∞, where S is the frame operator associated to {hn}n.
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qF
(
n∑
k=1
ϕ
(〈ξ0, ξk〉)ηk
)
= sup
{
q
(〈
n∑
k=1
ϕ
(〈ξ0, ξk〉)ηk, η
〉)
; qF (η) 1
}
= sup
{
q
(〈
n∑
k=1
ξk ⊗ϕ ηk, ξ0 ⊗ϕ η
〉)
; qF (η) 1
}
 sup
{
qE⊗ϕ F
(
n∑
k=1
ξk ⊗ϕ ηk
)
qE⊗ϕ F (ξ0 ⊗ϕ η); qF (η) 1
}
 sup
{
qE⊗ϕ F
(
n∑
k=1
ξk ⊗ϕ ηk
)
qF (η)pE(ξ0); qF (η) 1
}
= qE⊗ϕ F
(
n∑
k=1
ξk ⊗ϕ ηk
)
pE(ξ0) qE⊗ϕ F
(
n∑
k=1
ξk ⊗ϕ ηk
)
‖ξ0‖∞
for all
∑n
k=1 ξk ⊗ϕ ηk ∈ E ⊗ϕ F and for all q ∈ S(B), there is a continuous linear map V ξ0 : E ⊗ϕ F → F such that
V ξ0
(
n∑
k=1
ξk ⊗ϕ ηk
)
=
n∑
k=1
ϕ
(〈ξ0, ξk〉)ηk.
Consider the map V0 : F → E ⊗ϕ F deﬁned by V0η = ξ0 ⊗ϕ η. From〈
η, V ξ0
(
n∑
k=1
ξk ⊗ϕ ηk
)〉
=
〈
η,
n∑
k=1
ϕ
(〈ξ0, ξk〉)ηk
〉
=
n∑
k=1
〈ξ0 ⊗ϕ η, ξk ⊗ϕ ηk〉
=
〈
ξ0 ⊗ϕ η,
n∑
k=1
ξk ⊗ϕ ηk
〉
=
〈
V0η,
n∑
k=1
ξk ⊗ϕ ηk
〉
for all
∑n
k=1 ξk ⊗ϕ ηk ∈ E ⊗ϕ F and for all η ∈ F , we deduce that V ξ0 is adjointable and moreover, (V ξ0)∗ = V0 and
q˜LB (F ,E⊗ϕ F )(V ξ0 )  ‖ξ0‖∞ for all q ∈ S(B). Moreover, V ξ0 is surjective, since ϕ(〈ξ0, ξ0〉) is surjective and then for any
η ∈ F there is η˜ ∈ F such that η = ϕ(〈ξ0, ξ0〉)η˜ = V ξ0(ξ0 ⊗ϕ η˜). Therefore, V ξ0 is a surjective bounded operator from
F to E ⊗ϕ F and then by Proposition 3.3, {V ξ0hn}n is a standard frames of multipliers for F with the frame operator
(V ξ0 S
−1(V ξ0)∗)−1. 
Proposition 5.6. Let ϕ : A → B be an isomorphism of pro-C∗-algebras and E a Hilbert module over A. Then the Hilbert modules E
and E ⊗ϕ B are isomorphic.
Proof. Let {ei}i∈I be an approximate unit for A and ξ ∈ E . From
qE⊗ϕ B(ξ ⊗ϕ e j − ξ ⊗ϕ ei)2 = q
(〈
ξ ⊗ϕ (e j − ei), ξ ⊗ϕ (e j − ei)
〉)
= q((e j − ei)ϕ(〈ξ, ξ〉)(e j − ei)) 2q(ϕ(〈ξ, ξ〉)e j − ϕ(〈ξ, ξ〉)ei)
for all q ∈ S(B) and taking into account that {ϕ(〈ξ, ξ〉)ei}i∈I is a Cauchy net, we deduce that {ξ ⊗ϕ ei}i∈I is a Cauchy net
and so it is convergent. Thus we can deﬁne a map Φ : E → E ⊗ϕ B by Φ(ξ) = limi ξ ⊗ϕ ei . Since〈
Φ(ξ),Φ(ξ)
〉= lim
i
(
lim
j
〈ξ ⊗ϕ ei, ξ ⊗ϕ e j〉
)
= lim
i
(
lim
j
eiϕ
(〈ξ, ξ〉e j))= ϕ(〈ξ, ξ〉)
for all ξ ∈ E , and since ϕ is an isomorphism of pro-C∗-algebras, to show that Φ is an isomorphism of Hilbert modules it
remains to show that Φ is surjective. Let p ∈ S(A). Since ϕ−1 is a morphism of pro-C∗-algebras, there is q ∈ S(B) such that
p(ϕ−1(b)) q(b) for all b ∈ B . Then
pE⊗ϕ B(ξ)2 = p
(〈ξ, ξ〉)= p(ϕ−1(ϕ(〈ξ, ξ〉))) q(ϕ(〈ξ, ξ〉))
= q(〈Φ(ξ),Φ(ξ)〉)= qE⊗ϕ B(Φ(ξ))2
534 M. Joit¸a / J. Math. Anal. Appl. 367 (2010) 522–534for all ξ ∈ E . Using this fact it is not diﬃcult to check that Φ has closed ranges. On the other hand, for ξ ∈ E and b ∈ B ,
ξ ⊗ϕ b = lim
i
ξ ⊗ϕ bei = lim
i
ξϕ−1(b) ⊗ϕ ei = Φ
(
ξϕ−1(b)
)
.
Therefore, Φ is surjective and the proposition is proved. 
Corollary 5.7. Let A, B, E,ϕ and Φ be as in the above proposition. If {hn}n is a standard frame of multipliers for E ⊗ϕ B with the frame
operator S, then {Φ−1 ◦ hn ◦ ϕ}n is a standard frame of multipliers for E with the frame operator Φ−1 ◦ S ◦ Φ .
Corollary 5.8. Let A, B, E,ϕ and Φ be as in the above proposition. If {ξn ⊗ϕ bm}(n,m) is a standard frame for E ⊗ϕ B with the frame
operator S, then {ξnϕ−1(bm)}(n,m) is a standard frame of multipliers for E with the frame operator Φ−1 ◦ S ◦ Φ .
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